Quadratic Equations

1. An expression of the form ax> +bx +c where a, b, c are complex numbers and a # 0 is called a quadratic

expression.

2. An equation of the form ax> +bx+c =0 where a, b,c are complex numbers and a # 0 is called a quadratic

equation.
3. Anumber a is called a root of the quadratic equation ax’> +bx+c =0iff.aa®> +ba+c=0

Roots of the Quadratic Equation:

) ) —b+V b2 —4dac — b? — 4ac
4. The roots of the quadratic equation are a = 5 5 5
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The point (_Z’ _E) is the minima of this graph. i.e., at —E the graph takes it minimum value _E

5. The quadratic equation ax?+bx+c =0 have only the above two roots. If b* — 4ac # 0, then the two roots

are different. If then the two roots are equal and the root is called a double root.

b c
6. If o and P are the roots of a quadratic equation ax? + bx + ¢ = 0, thena+pf = ——, af = —, and
a a

ax? +bx +c¢ = ax — a)(x — B)

7. Newton's Theorem: (Very useful Theorem)

If o, B are roots of ax?> +bx+c=0 and S, =a" +B" thenforn>2,n EN, we have
aSn +bSn71 + CSnfz = 0



Example: If o, are the roots of X - 2x +4 = 0, then the value of a° + B> is

We know that S| =a+ B = 2andS; =a2+[32=(a+[3) 2—2,(1.[3 =4-2(4)=-
Alsoa=1;b=-2;c=4

From Newton's Theorem

aSp, +bSp-1 +cSp2 =0

1.S3 +(-2).(S2)+4.S1 = S3-2(-4)+4(2)=0 = S3=-16
1.S4 +(-2).(S3)+4.8, = S4 —2(-16)+4(-4)=0 =S4 =-16
1.S5 +(-2).(S4) +4.S3 = S5 —2(-16) +4(-16) =0 = S5 =32

Condition to have same roots for two quadratic equations:

8. The quadratic equation ax?+bx+c =0 and 31X2 +bix+c¢; =0 have the same rootsifa: b: c =.
a; ;b ¢

&

Roots of the Quadratic Equation:
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9. The quadratic equation whose roots are o, B is (x —a)(x = 0 i.e., x> —(a+p)x+ap = 0.
&
Example: 5%’

If2x2 -10x + 5 = 0, then the roots are &
Herea=2;b=-10;c=5 §
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The roots are =

Discriminant of the Quadratic Equation:

10. The expression b? — 4ac is called the descriminant of the quadratic equation ax>+bx+c =0anditis

denoted by A.

Example:

The discriminant of the equation x? +2x-3=0is
Herea=1,b=2andc=-3

The discriminant of the equation x> +2x-3=0is = b* -4ac=4-4(1) (-3) = 16

Graphs of the Quadratic Equation:



11. If in the quadratic equation ax?+bx+c = 0, the numbers a,b,c are rational and a > 0 then the nature of the
roots is as follows.

i. fb? —4ac >0, and b> —4ac is a perfect square i.e., VB —4ac is a rational number, then the roots are
rational and not equal. (Fig 1)

i. Ifb? —4ac>0, andb®>—4ac is not a perfect square i.e., VB —4dac isa surd, then the roots are real and
not equal. In fact the roots are two conjugate surds. (Fig 1)

ii. 1fb>—4ac =0 then the roots are rational and equal. (Fig -2)

iv. If B> —4ac < 0 , then the V b? —4dac is imaginary. The roots are complex numbers (imaginary) and not equal.

In fact the roots are two conjugate complex numbers. (Fig - 3)

12. If in the quadratic equation ax? +bx+c =0, the numbers a,b,c are rational and a < 0 then the nature of the
roots is as follows.

i. If b> — 4ac > 0, and b’ —4ac isa perfect square i.e., \ §—4£ is a rational number, then the roots are
rational and not equal. (Fig -4)

i. Ifb> —4ac >0, and b’ —4ac is not a perfect square i.e., \ g} 4ac is a surd, then the roots are real and

S
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iv. If b2 —4ac < 0 , then the V b> —4ac is |mag|nary roots are complex numbers (imaginary) and not equal.

not equal. In fact the roots are two conjugate surds. (Fig -4

~

ii. 1fb> —4ac =0 then the roots are rational and equal.

—~~

In fact the roots are two conjugate complex numbers. %«g 6)

&

13. In the quadratic equation ax> +bx +¢ =0, (a,b,c € R)
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i. If a and c have the same sign then both the roots are positive or both the roots are negative.
ii. If a and ¢ have opposite signs then the roots have opposite signs.

C
iii. If a + b+ ¢ =0, then the roots are 2, —
a

C
iv. Ifa-b+c=0, then the roots are -1, —.—
‘a

v. If the two roots are negative then a,b,c have the same sign.

vi. If the two roots are positive then the sign of a,c is different from the sign of b.

14. The necessary and sufficient condition that the quadratic equations a1x2 +bix+c; =0 and

arx2+bx+cy; =0 tohave acommon root is (craz — czal)2 = (a;by —azby)(bjcz —bacy).

15. Let be the roots of the quadratic equation ax?+bx+c =0.
i. If o, P areimaginary (A = 0) then for all real values of x :ax> + bx + ¢ , a have the same sign.
i. If a, B, are real and equal (A = 0) then for all real values of x except a.: ax?> +bx + ¢ , a have the same sign.
iii. If a, B, are real and not equal (A > 0) suchthata <[ then
a.a<x<p=ax’+bx+x, ahave opposite signs
b.x <aorfp<x = ax’>+bx+c, ,ahave the same sign &

O

16. Let f(x) = ax? +bx+c be a quadratic function. Then @&

4ac — b
i. If a> 0, then f(x) has minimum value at X = — and wum value = 4 .
a
If a <0, then f(x) h lue at @m .l
i. If a en f(x) has minimum value at x = — a aximum value = —————.
2a 4a
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ﬁlved Examples

If are the roots of x? -2x-1= 0, then the value of a? + B2 is

The Q.Eis x> -2x-1=0
—b
Sumoftheroots=a+p=— =2,
a

Product of the roots = 0. p = & = -1
a2 +p2=(a+P) > -2.0.p =4+2=6

The value of V 6 +V 6+ 6+....00 s

Letx=V 6+V 6+V 6t .......... 0
Since the terms go on infinity, the given quantity will not change if we omit the radical before V6 , and those after

the first one are taken to be equal to x.

Hence we have x =V 6 + x

Squaring both sides, we get



x2=6+x=> x> -x-6=0
= (x-3)(x+2)=0,x=3o0r-2

but the given quantity is positive. Hence x = 3

In copying a quadratic equation of the form x2 + px + q = 0, the coefficient of x was wrongly written as -10 instead
of -11 and the roots were found to be 4 and 6. The roots of the correct equation are ....

X2 + px+q=0

x? - (10x) + 24 =0

Comparing with x? - (a+b)x+ab=0,

It is wrongly written as -10 instead of -11

So in actual - (a +b) =11

(a+b)=-(8 + 3). So the roots are 8, 3.

If o and B are the roots of the equation (x - a)(x - b) + ¢ = 0, find the roots of the equation (x- o )(x- ) =c

(x-a)(x-b)+c=0

2
X“ -bx-ax+ab+c=0 &

x? - (b +a)x+(ab+c)=0..(1) O

Comparing with x2 —(a+P)x+a.p=0 @&
a+p =a+b Q\%r
o.fp=ab+c @
Similarly, %\,
(x=0)(x—p)=c &
x2—Bx—ax+ap=c )

X2~ (ot B)x +ap = c §

x? -(a+b)x+ab=0

S

So, the roots are a, b.

The set of values of p for which the roots of the equation 3x2 +2x + p(p - 1) = 0 are of opposite sign is
3x%+2x+p(p-1)=0

x2 + (2/3)x + [p(p - 1)/3] = 0

as the roots are of opposite sign,

a.p <0

[p(p-1)/3] <0

p(p-1)<0

ie.,0<p<1.



